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Abstract. We prove that the Cauchy problem for the Schrodinger-Korteweg- 
de Vries system is locally well-posed for the initial data belonging to the Sov- 
olev spaces L 2 (R) X H~ 3 / 4 (R). The new ingredient is that we use the F a type 
space, introduced by the first author in [10], to deal with the KdV part of the 
system and the coupling terms. In order to overcome the difficulty caused by 
the lack of scaling invariance, we prove uniform estimates for the multiplier. 
This result improves the previous one by Corcho and Linares [6]. 



1. Introduction 

In this paper, we consider the Cauchy problem for the Schrodinger-Korteweg-de 
Vries (NLS-KdV) system 

id t u + d 2 u = auv + f3\u\ 2 u, t, xeR, 

d t v + dlv + \d x {v 2 ) = 1 d x {\u\ 2 ), (i.i) 

u(x,0) = u o (x),v(x,0) = v (x), 

where u(x,t) is a complex-valued function, v(x,t) is a real-valued function and a, 
(3, 7 are real constants, (uq,vq) are given initial data belonging to H Sl x fP 2 . Our 
main motivation of this paper is inspired by the work of Corcho and Linares [6], 
and the work of the first named author [10]. 

The system (1.1) is an important model in fluid mechanics and plasma physics 
that governs the interactions between short-wave and long wave. The case (3 = 
appears in the study of resonant interaction between short and long capillary- 
gravity waves on water of uniform finite depth, in plasma physics and in a diatomic 
lattice system (See [6] and reference therein for more introduction). 

Before we state our main results, we recall first the early results on this sys- 
tem. M. Tsutsumi [21] obtained global well-posedness (GWP) for data (uq,v ) £ 
H S+1 / 2 (R) x H S (R) with s G Z+. In the resonant case (/3 = 0) Guo and Miao [8] 
proved GWP in the natural energy space H S (M.) x H S (M) with s e Z + . Bekiranov, 
Ogawa and Ponce [1] proved local well-posedness (LWP) in H S (R) x i? s_1 / 2 (]R) for 
s > 0, and this result was improved to L 2 x i?~ 3 / 4+ by Corcho and Linares [6] 
which seems to be sharp except L 2 x H~ 3 / 4 in view of the results for the two single 
equations in (1.1) (See [17], [4], [16]). Pecher [18] obtained GWP in H s x H s for 
s > 3/5 {[3 — 0) and s > 2/3 {(3 ^ 0) by using the ideas of I- method [5]. Some 
generalized interaction equations were considered in [2]. In this paper, we prove 
the following results: 
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Theorem 1.1. Assume uo eL 2 , vq 

eH -3/4. Then 

(a) Existence. There exist T = T(||uo||l 2 , H^ollir-s^) > and a solution u to 
the Cauchy problem (1.1) satisfying 

u e X° T 'V_ 2 +(T) C C([-T,T] : L 2 ), v e F~^(T) C C([-T,T] : H^^). 

(b) Uniqueness. The solution mapping St '■ (uo,vq) — > (u, v) is the unique 
extension of the classical solution (iJ 00 ,^ 00 ) -> C([-T,T] : H 00 x H°°). 

(c) Lipschitz continuity. For any R > 0, the mapping (uq^vq) — > (u,v) is Lip- 
schitz continuous from {{uo,v a ) E L 2 x H~ 3 / 4 : ||mo||i, 2 + H u o || — 3/4 < R} to 
C([—T,T] : L 2 x iJ~ 3 / 4 ). 

We describe briefly our ideas in proving Theorem 1.1. We also use the scheme as 
in [6] which is the same spirit as the one by Ginibrc, Y. Tsutsumi and Velo [7] for 
the Zakharov system. The basic idea is that for the second equation in (1.1) we use 
the F s space that was used by the first named author [10] for the KdV equation, 
but there is an essential difficulty. For the KdV equation, one can assume the 
initial data vq has a small norm by using the scaling transform. However, for the 
NLS-KdV system we don't have such an invariant scaling transform. In order to 
deal with large initial data, we overcome this difficulty by the following way. We 
observe that the single nonlinear Schrodingcr equation with cubic term (|u| 2 u) 

id t u + d 2 u — (3\u\ 2 u 

is i 2 -subcritical. On the other-hand, we also see from [6] that to control the 
coupling term uv one need less regularity than if -3 / 4 of v. Then we expect that 
the first equation can be handled without scaling. Thus we scale the system (1.1) 
according to the second equation as following: if (u,v) solve the system (1.1) with 
initial data (u , v ), then we see 

u x (t,x) = X 2 u(X 3 t, Ax), cf>i{x) = \ 2 u {\x), (1.2) 

v x (t,x) = X 2 v(X 3 t, Ax), </> 2 (x) = A 2 v (Ax), (1.3) 

satisfy the following system 

id t u + Xd 2 u = Xuv + A _1 |m| 2 m, t,ieR, 
d t v + dlv+\d x {v 2 ) = d x {\u\ 2 ), (1.4) 
u(0,x) = (j)i(x),v(0,x) = 4>2{x). 

It is easy to see that by taking < A C 1, we have H^iHl 2 = |jA 2 uo(Ax)|| L 2 = 
A 3 / 2 |KI| 2 < R and \\4>2\\h-V* = ||A 2 Vo (Ax)|| ff -3 / 4 < 2A 3 / 4 || Uo || ff-3/4 — eo 1. 
Therefore, it reduces to study the system (1.4) under condition that < A < 1 and 
the following condition 

\\<j>i\\ L 2 < R, 11^211^-3/4 = e < 1. (1.5) 

where eo is a absolutely constant will be defined later. We will prove well-posedness 
for (1.4)-(1.5) in [0,T] for some T = T(R,X) > 0. By the scaling we obtain local 
well-posedness for the original system (1.1). 

In our proof the condition < A < 1 in (1.4) is crucial. Heuristically, the 
propagation speed for the first equation is A£, and that for the second equation is 
£ 2 . Then we see that the two waves u, v has a separate speed in high frequency 
£|>1 uniformly for < A < 1. Thus the resonance and coherence can not be 
simultaneously large (Also see [6] for the case A = 1). This is key to control the 
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coupled wave interactions. Technically, we will prove uniform estimates for the 
multiplier associated to the coupled terms for all < A < 1. Our proof for the 
coupled terms is different from those in [6], but with basically the same ideas. We 
will use the ideas developed by Tao [19], Ionescu and Kcnig [12], and the first-named 
author [9], but in this paper we need to deal with two different wave forms which 
has independent interest. 

At the end of this section we introduce some notations. In Section 2, we prove 
some L 2 bilinear estimates which will be used to prove the bilinear estimates for 
the coupling terms in Section 3. In Section 4, we prove Theorem 1.1. 

Notations. Throughout this paper we fix < A < 1. We will use C and c to 
denote constants which are independent of A and not necessarily the same at each 
occurrence. For x,y G R, x ~ y means that there exist C\,Ci > such that 
Ci\x\ < \y\ < C2\x\. For / G S' we denote by / or F{f) the Fourier transform of / 
for both spatial and time variables, 

/(£, t) = [ e- lx t e - ltT f(x, t)dxdt. 
Jm 2 

We denote by T x the Fourier transform on spatial variable and if there is no con- 
fusion, we still write T = T x . Let Z and N be the sets of integers and natural 
numbers, respectively. Z + = N U {0}. For k G Z + let 

h = {£ : |£| 6 [2*- 1 , 2 fc+1 ]}, k > 1; h = {£ : |£| < 2}. 

Let rjo : R — > [0, 1] denote an even smooth function supported in [—8/5,8/5] and 
equal to 1 in [-5/4,5/4]. For k G Z let r) k {£) = ?7o(?/2 fc ) - ?7o(C/2 fe - 1 ) if fc > 1 
and r] k (0 = if k < -1, and let X fe(0 = %(C/2 fe ) - Mt/^' 1 )- For fc G Z let P k 
denote the operator on L 2 (R) defined by 

By a slight abuse of notation we also define the operator Pk on L 2 (R x R) by the 
formula .F(P fc u)(£,r) = Vk(QF( u )(Z> T )- For I G Z let 

p<i = J2 p *> p>i = Y. Pk - 

k<l k>l 

Thus we see that P<o — Po- 

For <f> G 5'(R), we denote by V{t)<j> — e~ td *§ the free solution of linear Airy 
equation which is defined as 

Fx(V(t)4>)(Z) = cx P K 3 t]0(C), V t G R, 

denote by U\(t)4> — e %txd *cj) for < A < 1 the free solution of scaled linear 
Schrodinger equation which is defined as 

Fx(u x (t)4>)(t) - cxpi-i\etm), v t g r. 

We define the Lebesgue spaces L( gJ Lg and L^.L\ &I by the norms 

II/IIl ?£J l £ = IIII/IIlsII^j) . ll/IUsi? 67 = IHl/IU?(/)ll i£ • ( L6 ) 

If 7 = R we simply write L q t LP and U> X L\. 

We will make use of the X s ' b -type space. Generally, let be a continuous 
function, and we define 

h\\ X '\, =\\(T-HZ)) b (0 s v(t,T)\\ L2{R2) 
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where (•> = (1 + | • | 2 ) 1/2 - This type of space was first systematically studied by 
Bourgain [3]. In applications we usually apply X s ' b space for b close to 1/2. In 
the case 6 = 1/2 one has a good substitute: Besov-type X s ' b space which was first 
noted by Tataru [20]. For k G Z + we define the frequency dyadically localized 
X s ' b -type normed spaces Y*_ h ^y. 

f /(£,r) is supported in 7 fe x R and 1 

Then we define the ^-analogue of X s ' b -type space F*_ h ,^ by 



\u 



^ 2sk \\vk(0Hu)\\U- (1.8) 



fc>0 



In this paper we will use the space X^.'__^ 2 and F^_^ 3 . In order to avoid some 
logarithmic divergence, we use the following weaker norm for the low frequency of 
the KdV equation as in [10], 

\\u\\y« = \M\lil°°- 

For -3/4 < s < 0, we define 

F; =| 3 = {u G 5'(M 2 ) : Hulll. = ^2^11^(0^)11^ + ||P<o(«)||£o < oo}. 

fe>i 

For T > 0, we define the time- localized spaces F^_^ 3 (T): 

\\u\\ps (T) = inf {||P<cHUjl~ + ||P>HIf* , 3 : »W - «(*) on [— T, T]}. 
Similarly we define X?* m (T). 

2. L 2 BILINEAR ESTIMATES 

In this section we prove some L 2 bilinear estimates which will be used to prove 
bilinear estimates for the coupled terms. For £1,^2 el let 

= - A£ 2 + e 2 + A(6 + 6) 2 , (2.1) 

n 2 (ei,6) = - A£ 2 + A£ 2 2 - (6 + 6) 3 . (2.2) 

is the resonance function for the coupled term uv, and f2 2 is the one for c^d^l ). 
For compactly supported nonnegative functions f,g,h £ L 2 (l x R) we define for 
to = 1,2 

Jm{f,9,h) = / /(Cl,Ml)fl'(6)M2)/l(Cl +6, Ml + M2 + ^m(6>6))^1^2^Ml^2- 

For fc, j G Z + we define 

and for fc G Z, j G Z + we define 

Let ai, 02, 03 G R. It will be convenient to define the quantities a max > a me d > 
&min to be the maximum, median, and minimum of 01,02,03 respectively. Usually 
we use fci , fo, ^3 and j\ , j'2 , iz to denote integers, TV^ = 2 ki and L, = V 1 for i = 1,2,3 
to denote dyadic numbers. 
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We prove the following lemma. 

Lemma 2.1. Assume ki 6 Z, ji G Z + , and fk it ji S F 2 (R x M) are nonnegative 
functions supported in [2 fe,_1 , 2 fe,+1 ] x 7^, i = 1, 2, 3. TTien 
(a,) For any fci, fc 2 , feeZ and ji, j 2 , j 3 G Z+, m = 1,2, 

3 

Jrnifk^JtoJiJksJ*) < C2?^IH k — I 2 nilAiAll^- ( 2 - 3 ) 

i=l 

(6J J/fc 2 > 3, tften 

3 

Ji(fk ujl ,fk 2 , j2 , fk 3 , j3 ) < C2^+^/ 2 2- k > [] HA,,* IU- (2-4) 

i=l 

(cj For any k 1 ,k 2 ,k 3 €Z and j 1 ,j 2 ,j 3 G 

Mf^Jk^J^s) < CA- 1 /2 2 Cii+ J - a )/2 2 -fc3/2 J]||/ feiiji || L2 . (2.5) 

i=l 

Proof. Let A fei (£) = [/ R |Ai,ji(6 aOI 2 ^] 1/2 , * = 1,2,3. Using the Cauchy- 
Schwartz inequality and the support properties of the functions /fe iJi; we obtain 

J m (fk 1 j 1 ,fk 3 ^,fk a j a )<V mln/2 [ ^(6)^(6)^,(6 +6Ki<*6 

3 

< 2 W2 2 W2]"J|| / ^J L2 . 

which is part (a), as desired. 

For part (b), in view of the support properties of the functions, it is easy to see 
that Ji(fk 1 ,h, fk 2 ,j2,fk 3 ,j 3 ) = unless 

|A^ax-«^ed|<5,2*»">|fti|. (2.6) 

We define two sets 

A = {(6,6)eK 2 :|2Ae 1 -3e 2 2 |>i|6| 2 } 

and 

B = {(6,6) : 1^(6,6)1 > ^I6I 3 } - {(6,6) = I6 2 + 2A& + A&| > ^|6I 2 }, 

since |^i(6,6)l = 16(6! + 2A£i + A£ 2 )|. We claim that 

[2 fel - 1 ,2 fcl+1 ] x [2 fe2 " 1 ,2 fc2+1 ] C A U B. 
Indeed, if (6,6) Al)B, then 

|46 2 + A6I < |36 2 - 2Aa| + I6 2 + 2A^i + A£ 2 | < |6| 2 , 
which is a contradiction since |£ 2 | > 2 and < A < 1. 
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For simplicity of notations we set fi = fki,j 2 , * = 1, 2, 3. Then we get 

^ / /l(£l,Ml)/2(&,M2)/3(£l +6, Ml + M2 +to m (ti,b))d£idt2diJ,idii,2 
Jr 2 J a 

+ / /l(6,Ml)/2(6,M2)/3(£l +6, Ml +M2 + ^m(6,6))^1^2^1 rf M2 

=/ + II. 

We consider first the contribution of the term I. Since for (6>6) € A, then 
|%fii-%fii| = |2A&-3$|>^ 2 | 2 . 

We will prove that if gi : R — > K + arc I 2 functions supported in [2 fei_1 , 2* i+1 ], 
i = 1,2, and <? : R 2 — > E+ is an L 2 function supported in [2* 3 " 1 , 2 fe3+1 ] x I Jmax , 
then 

/ ffi(6)52(6)5(6 + 6,^1(6, 6))^i^2<2- fe2 ||5i|| L2 ||5 2 ||L 2 ||5llL- (2.7) 
This suffices for (2.4) by Cauchy-Schwartz inequality. To prove (2.7) we get 

/ 51(6)52(6)5(6 + 6,^1(6, 6))^6 ^2 

J A 

<\\9i\\l492\\l4U(£i, 6)5(6 +6,^1(6, f 
<2- fe || ffl || i2 || ff2 || i2 || ff || L2 , 

where in the last inequality we used the change of the variables x = 6 + 61 2/ = 
fii(6.6). since the Jacobi is - > ±|6| 2 ^2 2fe2 in A. 

Now we consider the term II. When (6,6) G 5, we have that > ^- 1 ^2 1 3 , 
so from the support properties we get j max > 3fc 2 — 20. Then from (a) we have in 
this case 

3 3 

/i<y™'»/ 2 2^/ 2 nii/* 4 jju^^ mi " /2 ^ ra " /2 2- fa nii^^ii^' 
1=1 1=1 

which completes the proof of (b) . 

Now we prove part (c). We will prove that if gt : M — ► R + arc I 2 functions 
supported in [2 fei_1 , 2 fei+1 ], i = 1,2, and 5 : R 2 — > M+ is an I 2 function supported 
in [2*3-1,2*3+1] x !,•„,„., then 

/ 51(6)52(6)5(6 + 6,^2(6, 6))rf6^2<A- 1 / 2 2-*3/ 2 || 5l || L2 || 52 || L2 || 5 || i2 . (2 . 8) 

JR 2 

This suffices for (2.5) by Cauchy-Schwartz inequality. To prove (2.8), we notice 
that 

|%Q 2 - %Q 2 | = 2A|6 + 61 ~ 2A2 fc3 , 
thus by change of variable Mi = 6 + 6, M2 = ^2(6)6) we § e t 

115(6 + 6,^2(6, 6))IIl= t <A- 1/2 2- fe3 / 2 || ff || 2 , 

which is sufficient for (2.8) by Cauchy-Schwartz inequality. ■ 
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Remark 2.2. It is easy to see from the proof that Part (a) and Part (b) of Lemma 
2.1 also hold if we assume instead fk it ji is supported in I ki x Ij. for fci, k 2 , ks G Z+. 
Part (c) of Lemma 2.1 also holds if we assume instead /fc lji3l , fk 2 ,j 2 are supported 
in Ik 1 x Ij 1 , 7fe 2 x 7j 2 respectively, for fci , fc 2 G Z + . 

We restate now Lemma 2.1 in a form that is suitable for the bilinear estimates 
in the next section. 

Corollary 2.3. (a) Let h,k 2 ,k 3 ,ji,j 2 ,j 3 G Z+. A ssume fkiji ) fk 2 ,j 2 G _L 2 (M x M) 
are nonnegative functions that are supported in {(£, r) : £ G l/^ , r + A£ 2 G } and 
{(£, t) : £ G /fe 2 , t — £ 3 G Ij 2 } respectively, then 

2 

111^ . (^r)(/ felJl */ fe2j2 )|U 2 <2 fc — / 2 2^"« /2 nil/^^IU- ( 2 -9) 

i=l 

Furthermore, if k 2 > 2, fftera we /lave 

2 

n 1 ^,^^'^^-^ */^.i 2 )ii^^ 2 °" i=ei+j " ieia3)/22_,c2 nii^^ii^- ( 2 - iq ) 
3i 3 »=i 

f&j Le£ k 1 ,k 2 ,j 1 ,j 2 ,j 3 G Z + and fc 3 £ Z. Assume fk 1 ,j 1 ,fk 2 ,h e ^ 2 ( R x R ) are 
nonnegative functions that are supported in {(£,r) : £ G ifc 15 T + G and 
r ) : £ G /fe 2 , t — A£ 2 G 7j 2 } respectively, then 

2 

l|ls fe 3, 33 (^r)(/ felJl */ fe2; , 2 )|U 2 <2 fe -"/ 2 2^/ 2 nil/ fei ,, i ||^, (2.H) 

i=l 

and a/so 

l|lB fc3 ,, 3 (£,r)(/ fel ,,W^ 2 )^ (2.12) 

i=l 

Proof. We just prove (a), the proof for (b) is similar. Clearly, we have 



IV . {^T)(f kl . n * f k2 . j2 ){^T)\\ L 2 = SUp 

ll/IL2=l 



/ / • fk u h * fk 2 ,j 2 d£dT 

fc 3.J3 



We denote f k3>h = l D x . (£,r) • /(£,r). Define /? ■ (£,m) = /fci,ji(£,M - ^£ 2 ), 

/L 2 & M) - /fa j a & A* + C 3 ), /i, j3 K. M) - A, j, (£, M - AC 2 ). Then for i = 1,2,3 
the functions f k .j. are supported in I ki x and ||/|. .. || L 2 = H/fc^ ||l 2 - Using 
simple changes of variables, we get that 



/ • * fk 2 ,j 2 d^dr — Ji(fl i j i , /f 2 j 2 !/' 3 j 3 )- 

Then (a) follows from Lemma 2.1 (a), (b) and Remark 2.2. 



Di ■ 

k 3.33 



3. Bilinear estimates for the coupling terms 

This section is devoted to prove the bilinear estimates for the coupling terms in 
the F s -type space. We first recall an abstract extension lemma. For a continuous 
function define group Wh{t) by 

W h (t)f = T x e M ^T x f. 
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Then Wh{t)f is the solution to the following equation 

dtu — ih(—id x )u = 0, u(x, 0) = f(x). 

Lemma 3.1 (Extension lemma). Assume h is a continuous function. Let Z be any 
space-time Banach space which obeys the time modulation estimate 

\\g(t)F(t,x)\\ z < \\g\\ Lr \\F(t,x)\\ z (3.1) 

for any F £ Z and g £ . Moreover, if for all u £ L 2 X 

||W fc (t)«o||z<||«o|U;. 
Then one also has the estimate that for all k £ Z+ and u £ F° 

\\p k (u)\\z<\\muj\\ Yk 

Proof. We refer the readers to Lemma 3.2 in [10]. ■ 

Proposition 3.2 (X^ = _ x ^ 2 embedding). Let k £ Z + , j £ N. Assume u £ 
then we have 



ll^(«)IU ? L E <A- 1/9 ||P fe NH^ 

m(u)\\ L ~ L i<\- i/2 2-^ 2 mp 3 (u 



Illy* 



where (q,r) satisfies 2 < q,r < oo and 2/q=l/2-l/r. As a consequence, we get 
from the definition that for u £ F^ = _ x ^ 2 

\\u\\l°°h°<\\u\\ f °_ xt2 - 

T— — 

Proof. From Lemma 3.1, it suffices to prove 

ll^(i)/IU ? L S <A- 1/9 ||/|Uj, 

II^A(*)/||i~i S <A- 1 / 2 ||/|| A - 1/a , 
which are well-known, for example see [13] and [14]. ■ 

Proposition 3.3 (X^ = ^ 3 embedding). Let k £ Z + , j £ N. ^ss«me u £ F° , then 
we have 

llflb(«)llLfi £ <||flfc(«)||y* 3 , (3-2) 
llftHllL^ re7 <2 3fc/4 ||mH]ll^ 3 , (3-3) 
II^MIU-.^^-^II^P^u)]!!^ (3.4) 

wftere (g,r) satisfies 2 < g,r < oo and 3/q=l/2-l/r. As a consequence, we get 
from the definition that for u £ ^*_£ 3 , then 

\\Al?h><\\u\\p* . 

Proof. We refer the readers to proposition 3.3 in [10]. ■ 
The main result of this section is the following lemma. 
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Lemma 3.4. (a) If si > 0, s 2 G (-1,-1/2), si - s 2 < I, < 6 < I, and 

« e K=-xp> v e Kie then 

\\lp(t)uv\\ , 1 ,-i/2+2e<\~ 1/2 \\u\\ S1 , 1/2+0 \\v\\p*2 . (3.5) 

(b)If Si > 0, s 2 — si < —1/2, and u, w £ X* 1 ^ 1 /^ 9 then 

\\lj){t)d x {uw) || . 2,-1/2+26 <A _1/2 ||U|| S1 , 1/2 + || 10|| S1 , 1/2 + 8. (3.6) 

t = £ 3 t=-A£ 2 t=-A£ 2 

Proof. We first prove (a). From the definition, we get that the left-hand side of 
(3.5) is dominated by 

oc 

2S i fe 3 £ 2 - 1 /«s+2«3||i ^ . V^|| L 2 t . (3.7) 

j 3 =0 ' fc 3 

Now we begin to estimate 

oo 

E 2 ~ 1/2j3+2ej3 11^3,3 -m^hiy (3.8) 

Decomposing u, v, for fci, ji G Z+ set 

Ax jx Ki.Ti) = %1 (6)%i (n + A^)^/2)"(6, n), 

fk2,j2^2,r 2 ) = T]k 2 (6)^2 (t"2 - £f)V>(V 2 M&> T 2)i 

then we get for fixed /C3, 

( 3 - 8 )^ E E 2"^/2+2«3 £ (I ! ■/ fel , jl */ fe2;j2 |U2 (3.9) 
(kiMM)eK j 3 >0 h,h>0 

where K = {(^1,^2,^3) G : \k me d — k max \ < 5}, since it is easy to see that 
l Di . '/feiji *fk 2 ,h =0 unless 

krned ~~ ^max | < 5 . 

We may also assume that k max > 20, since for k max < 20 we can get from 
Plancherel's equality that 

(3.8)< V 2^/2+2^11! .p^u^(t)PZ oV \\ L 2 

' *S.JS «3 T 3 

J3>0 

<||P< 20 uVW J P<20«||L 2 t 
<||P , <20«|U~iJ ||^(*) J P<20W||i 2 £oo 

which suffices to give the bound for this case by Proposition 3.2, 3.3. 

Now we assume k max ^ 20 and prove (3.9). First we assume that k 2 ^ 2. Clearly 
we may also assume that j max < Wk 2 , otherwise, we can apply (2.9), then we have 
a 2~ 5fe2 to spare. After these assumptions, we can make use of (2.10) to bound 
(3.9) by 

J- £ 2 -,3/2 + 20, 2 J- 2^/ 2 2^/ 2 2- fe =n||/ feiiji || L 2 (3.10) 

(k 1 MM)£K,k2>2 33>0 ji,32>0 i=l 
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when j3 = j m i n , then (3.10) is bounded by 

E E 2^/22-^11/^1^ 

(fc 1 ,fc 2 ,fc 3 )e_ff,fc 2 >2 ji,i2>o i=i 

< E 2- fe2 ||P felU || y , 1 2 ||P fe2U || yfc23 , (3.11) 

(fci,fc 2 ,fc 3 )e-f£",fc2>2 " AS " 5 

when ji = j m i„, then (3.10) is bounded by 

E E E 2-/ 2 2-^nn /felJi ii i2 

(fcl,fc2,fc3)e-ff,fc2>2j3>0 jl,j 2 >0 i=l 

2 

< ^ 2 2oefe 2 ^ 2^/ 2 2^/ 2 2- k2 Y[\\f ktJt \\ L 2 

(k 1 ,k 2 M)eK,k 2 >2 jl,h>0 i=l 

< £ 2- fe2+20 ^||P fclU || yfcl ||P fe2 «|| y , 2 , (3.12) 

t = -A£ 2 T=f3 

(k 1 ,k 2 ,k 3 )eK,k 2 >2 

where we use j ma x < 10fc 2 in the last step. The case j 2 = Jmin is the same as 
ji = jmin, so we omit the details. 

Dividing the summation on fci,fc 2 in the right-hand side of (3.10) into several 
parts, we get from (3. 11), (3. 12) 

(3-10)<E E l-^^WPkMY^ \\Pk 2 V\\y k2 

i=lA i( fe 3 ) T =- A?2 T=?3 

where we denote 

Ai(fc 3 ) ={\k 2 - k 3 \ < 5, fci < fc 2 - 10, and fc 2 > 30}; 
A 2 (fc 3 ) ={|fci - fc 3 < 5,2 < fc 2 < fci - 10, and fci > 30}; 
A 3 (k 3 ) ={\ki - k 2 \ < 5, k 3 < k 2 - 10, and fci > 30}; 
A±(k 3 ) ={|fc 2 - k 3 \ < 10, \h - k 2 \ < 10, and fc 2 > 30}; 
A 5 (k 3 ) ={h,k 2 ,h < 200}. 

So we can bounded (3.8) by 

E||2 Slfe3 E 2- fc2+2oefc2 ||P fclM || yfcl \\P k2 v\\ yk2 . (3.13) 

*=1 A((fc 3 ) fc3 

Now we begin to estimate (3.13) case by case. For case A\, by Cauchy- Schwartz's 
inequality we have 

2S1 " 3 E E 2-^+ 20 ^||P felU || yfcl ||P fe2U || rfc2 



|fc 2 -fe 3 |<5,fc 2 >20fe 1 <fe 2 -10 " A?2 T ?3 " fc 3 



< 



1/2 

|fe 2 -fc 3 ]<5,fe2>20 ^ =4i,1 " fc 3 v fcT>o ^=- A5 '(3.14) 



2 Slfc3 E 2-^+ 21 ^||P fe2W || yfc2 (E2 2sifel |l^ lU || yfcl 
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since si — S2 < 1, si > 0, S2 > —1 and < 9 <C 1, we can bound (3.14) by 
11^11^02 ||tt|| Sl , 1/2+8. The proof for A2 — A5 arc similar, we omit here. 



Now we assume that < 2, by the assumption k max > 20, we have \ki — k 3 \ < 5, 
and fci, fc 2 > 10. For simplicity of notations we assume k\ — k 3 = k, then the left 
hand side of (3.8) can be estimated as 

^ 2-^||^^I) * ^>(*)^^(^)IU-< ^ 2-^|| J- fc (^)||^_^ ? ||^(*)^< 2 (^)IU S z.^ - (3.15) 

fe>0 fe>0 

This is enough in view of the definition, Proposition 3.2 and Proposition 3.3. 
Now we begin to prove (b), form the definition, we only need to prove 

IIQ^II^.-v^A-^llull^ Hl^ 2 . (3.16) 

By the definition and 9 <C 1, we have 

, ,„<( )J^ K [)J- J '\\iv, M.r)nru,,c) ,, ' ' 



k>l j>0 

+ (E (E 2 ~ j/4 ii w^R^)ii L 2 T 



Now let 



then we have 



k<0 ]>0 

:=I + II. 

/feui(Ci ; n) = VkA&Vhin + A^i)tt(Ci,ri), 

9k 2 ,j2(&,T 2 ) = %! (T2 - AC|)w(^ 2 ,T 2 ), 



2 \ 1/2 



(3.17) 



2Sfcl ^2^/2|| /fciji || i2 



J"i>0 



W F< 



=-xe 2 



32>0 

Then from the definition, / and II in (3.17) can be bounded as following 
/< 



2 (,2 + i) fe 3 5- £ 2 -j,/4 £ Pb^,/^*^*^ (3.18) 
(fci,fc2,fc 3 )e-R"j3>o ji,j 2 >o 



and 



2fc3 E E 2 ^ 3/4 E nB^jk^tg^h 

(kiMM)eK j 3 >0 ji,32>0 



?3 T 3 



(3.19) 



k 3 <0 



We first estimate term / in (3.18). By (2.12) we have 



E E 2 " ; E 



(fc 1 ,fc 2 ,fc 3 )exj3>0 iij2>o 

< £ 2 - fe3 /2 £ A- 1 /22^/2 2 ,2/2|| /fei; . Ji2||5feii . i|U2 



(fci,fc 2 ,fe 3 )eK,fe 3 >i iij2>o 

E = 

(fci,fe 2 ,fe 3 )eA:,fc3>i 



<A- 1/2 2- H/2 \\Pk7u\\ Ykl \\P k2 w\\y^ 



-A 5 2 



-A«2 



(3.20) 
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Dividing the summation on ki,k 2 in the right-hand side of (3.20) into several 
parts, 

(3.20)<A-V2^ \\PkM F *i J\PkM\ F ^ 

i=l B,(k 3 ) T - X6 

where we denote 



= A{2 



Bi(k 3 ) 


={\k2 


B 2 (k 3 ) 


={\ki 


B 3 (k 3 ) 


={\ki 


Bi(k 3 ) 


={\h 


B 5 (k 3 ) 


={h, 



So we can bounded (3.18) by 

J<A"V2]T||2(-+V2) fe 3 £ \\P^\\ ykl 



\PkM\ 



i=l 



Bi(k 3 ) 



(3.21) 



Now we begin to estimate (3.21) case by case. For case B\, by Cauchy- Schwartz's 
inequality we have 

2 ( S 2 + l/2)fe 3 ^ \\f%l 
Bi(fc 3 ) 

2(s 2 + l/2)fe 3 



A -l/2 
=A -l/2 



I-Pfc,wl 



-A ? 2 



-k 3 



E 



|-Pfe 2 W||^2 



E H p fei u lly fc i 



l*=2-*!3|<5,fc2>20 

2 ( S2 +i/2+e)k 3 J- \\P^w\ 



fei<fe 2 -10 



M\ F °i . (3.22) 

|fc 2 -fe 3 |<5,fe2>20 ' "' fc 3 T A? 

since S2 — si < — 1/2, si > and < # -C 1, so we can bounded (3.22) by 
||u|| „ 31 , 1/2+e II if 1 1 „ sl ,i/ 2 +«. The proof for B 2 — B 5 are similar, we omit here. 

Use the same argument as above, under the restriction s 2 — Si < —1/2, s\ > 
and < 8 <C 1, we can bound the part 77 in (3.19) by 1/2+0 |w|lx S1, 1/2+8 

Thus we finish the proof. 

4. Proof of the main theorem 



-A 5 2 



In this section we prove Theorem 1.1. We first recall some linear estimates in 
X T=h(i) and Pr=h(0- Let W h(t)f = T- x e lth{ ^T x j. The following lemma has 
been proved by Kenig, Ponce and Vega in [15], and then improved by Ginibre, Y. 
Tsutsumi and Velo in [7] . 

Lemma 4.1. Let s G M, -1/2 < b' < < b < b' + 1 and T e [0, 1]. Then for 
u E H s and F G X^ h ,^~. we have 

x s,b <\\u \\hs, 

T = h(£) 



Mt) / W h {t~t')F{t',-)dt' 
Jo 



l-fc+6'1 



A"" 



MO 



MO 
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Next we prove the linear estimates in F s . The proof was essentially given in [12] 
for the Benjamin-Ono equation. 

Lemma 4.2. (a) Assume set and <f> e H s . Then there exists C > such that 

\m)w h m\F° =hie) <cu\\ H s. (4.i) 

(b) Assume s e K, k e Z + and u satisfies (i + r — ^ 3 )~ 1 J r (u) e Yf =h ^y Then 
there exists C > smc/i t/ia£ 



J" 



t 3\-l 



^(t) / W h (t - s)(u(s))ds 
Jo 



KCUi + T-ey^MWy* (4.2) 



Now we give the estimates for the cubic nonlinear term. 



Lemma 4.3. Let u, u' e X*^_ A , 2 with 1/2 < b < 1 and s > 0. TTiera /or all a > 



we have that 

\\\u\ 2 u\\ x s,- a ^A-V^l^ll^ , 

||H 2 «-|«'|V|| X .,-. <\- 1/2 {\\u\\\ a , b +\\u'\\\ s , b )\\u-u'\\ x .* . 

Proof. We just proof the first one when s = for example. By Holder inequality 
and (3), we have 

\\\u\ 2 u\\ x0 ,- a < \\\u\ 2 u\\ L 2 = ||u||i« < CA- 1 / 2 ||w||^ , 6 

Thus we finish the proof. ■ 
We also need a bilinear estimates. For u, v s F s we define the bilinear operator 

B{u,V)=^){t/A) / W(t-T)d x (tp 2 (T)u(T) -v(T))dT. 

Jo 

The following lemma is due to the first author [10], which is the key to get the 
global well-posedness for KdV in H~ 3 / 4 . 

Lemma 4.4 (Proposition 4.2, [10]). Assume —3/4 < s < 0. Then there exists 
C > such that 

\\B(u,v)\\p. < C(||u|| J?3 ||w|| i? -3/4 + ||u||f-3/4||u||^«) (4.3) 
hold for any u,v G F s . 

Now we are ready to prove Theorem 1.1. We consider first (1.4) under the 
condition (1.5). We may assume a = [3 = 7 = 1. From Duhamel's principle, the 
Cauchy problem (1.4) is equivalent to the following integral equation system 

u(t) = u x (t)Mx) -ifo Ux(t - f)[AM(f) + a-HM 2 ^') < 
v(t) = v{t)<p 2 { x ) + jl V(t -t')[- ±d x (v 2 W) + d x (\u\ 2 ){t')_ 

To study the local existence, it suffices to study the following time localized system 

u(t) = Mt)U\(t)Mx) - *Mt) So u ^ - t'MwW) + A-^MVKi')]^' 

v(t) = Mt)V(t)M*) - \Mt) Jo V(t - t')d x (v 2 )(t')dt> (4.5) 

+i>T{t)S t v{t-t')d x {\u\ 2 ){t')dt l . 

It is easy to see that if (u, v) solve the system (4.5) for all (el, then (u, v) also 
solve the system (4.4) for \t\ < T. 



dt' 

dt>. < 4 " 4 > 
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We follow the similar argument as the one given in [6] to construct our solution 
spaces. We consider the following function space where we seek our solution: 



:={(«,«) 



|m|| x o, 1/2+9 < M and ||w||^,-3/4 < e |, 

x = -A£ 2 T=£ 3 J 



where < 8, e <C 1 and M > 0, will be chosen later. Furthermore, Eg is a complete 
metric space with norm 



||(M,«)||E e = ||u|| 0,1/2+9 + ||v||p-3/4. 



For (u,v) e we define the maps $ = $i x $ 2 

$i(«, v) - ^(*)t>A - »iM*) / U x (t- t')[X(uv)(t') + \- 1 (\u\ 2 u)(t')}dt , 

Jo 

and 

1 f* 

* 2 («,w)=ViW^)02(a;)-2^(t) J V(t-t')d x (v 2 )(t')dt' 

+ I V(t-t')d x (\u\ 2 )(t')dt'. 

Jo 

Then from Lemma 4.1-4.4, we get 

||$l(u, v)\\ x 0,l/2+e <C ||</>i||l 2 + ClT 6 A||uu||_ x .0,-l/2+29 + A _1 |||U| 2 U|| X 0, -1/2 + 20 



-A 5 2 



-A 5 2 



<co||^i|| 



L 2 



Cl T 6 



nu\\ x o, 1/2+ e\\v\\ p - 3/ , + \- 3 / 2 \\u\\ x ^ 



-AS 2 



<c o ||0i|| L 2 + Cl T e [AMe + A- 2 M 3 ], 



and 



||$2(«,«)||^-s/4 <C \\h\\ H -^ + l ^ [ V(t-t')d x (v 2 )(t')dt' 



-3/4 
=«3 



+ 



[ v(t - 1' 
Jo 



)d x (\u\ 2 )(t')dt> 



-3/4,1/2+9 



<Co||02||jJ-3/4 + C 2 |M||,-3/4 + C2T 6 \\d x \u\ 2 \\ x -3/4, -1/2 + 29 



=« 3 



<c o ||0 2 || ff -3/4 + c 2 |M| 2 + caA-V^Hull 



x 



0,1/2 + 9 



<c ||^2|| ff -3/4 +c 2 e 2 + c 2 A- 1 / 2 T e M 2 . 
Now taking M = 2c ||</>i||l2 and e <C 1 satisfy c 2 e = 1/8, then we have that 

\\&l(u,v)\\ 0,1/2 + 6 

||$ 2 («, w)||f-3/4 <y + c 2 e 2 + c 2 A" 1 / 2 r e M 2 . 



Therefore, we choose T > such that 



A 1 / 2 

< — min(e ,A), 



(4.6) 
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then (3>i(it, v),$2(u, v)) G Eg- Similarly we have that 

||$i(u, v) - $i(«', v')\\ x o,i/i+o <c 3 \- 3/2 T e (M + e + M 2 ) 



[||« - It'll 0,1/2+8 + ||W - l/|| s-3/4], 
t=-A£ 2 t = £ 3 



U — U || x o,i/2+e + \\V - V II ^-3/lJ 



||*2(«, v) - $ 2 («', w')IU-v- <c 3 (A- 1 / 2 T e M + e ) 

Thus for T in (4.6) we get 

!!($!(«, w),$ 2 («,t;)) - (*!(«',«'), *2(«',«'))||e 9 < ^||(«,v) - 

Therefore the map $1 x $ 2 : £0 — > is a contraction mapping, and we obtain a 
unique fixed point in which solves the equation (4.5). 

Now we prove Theorem 1.1. Using the scaling (1.2) by taking 



A 



/ £0 \ 4 / 3 

V2nit>n||„-3/4 + 1)/ 



^(||woIIh-3/4 + i)- 

then we see 

M = 2c o ||0i|| L 2 = 2c A 3/2 || Mo || L 2, ||02|| < e . 
Thus we get local existence of the solution to (1.4) on [0, Ti] for 



Ti 



A 3/2 \ 1 



M*J VA 3 / 2 ||n || 2 2 



1/ 



Therefore, for the original system (1.1), we get the local existence of the solution 
on [0, T] for 

T = A 3 Ti - T(\\u \\ L 2, ||uo||ff-3/4). 
Therefore, we obtain existence. By standard arguments, we can prove the rest parts 
of Theorem 1.1. 
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